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Abstract. We show that from the asymptotic behavior of an evaluation of the 
colored Jones polynomial of the figure-eight knot we can extract the Chern- 
Simons invariant and the twisted Reidemeister torsion associated with a rep- 
resentation of the fundamental group of the knot complement to the two- 
dimensional complex special linear group. 



1. Introduction 

Let JN(K;q) be the colored Jones polynomial of a knot K in the three-sphere 
S 3 associated with the A-dimensional irreducible representation of sI(2;C). We 
normalize it so that Jjy (unknot; q) = 1. Note that Ji(K\ q) is the celebrated Jones 
polynomial [11] after a suitable change of variable. 

In 1995 Kashacv introduced a complex valued knot invariant for each natural 
number N by using quantum dilogarithm |12j and observed that its asymptotic 
behavior for large N determines the hyperbolic volume for several hyperbolic knots 
|13j . He also conjectured that it is also true for any hyperbolic knot. Here a knot 
is called hyperbolic if its complement has a unique complete hyperbolic structure 
with finite volume. It is proved in 2001 by J. Murakami and the author that his in- 
variant coincides with Jn(K; exp(27rv / — T/^V)) [21]. We also generalized Kashaev's 
conjecture to the following volume conjecture. 

Conjecture 1.1 (Volume Conjecture [131 IS])- Let K be a knot in S 3 and Vo\(K) 
denote the simplicial volume of S 3 \ K. Then the following equality would hold: 

_ log|jAr(X;exp(27ry^T/iV))| Vol(K) 
(1-1) hm '■ — L = — . 

v ' n^oo N 2tt 

See for example |20j about recent developments of the conjecture and its gener- 
alizations. 

As one of the generalizations Yokota and the author [33] proved that for the 
figure-eight knot the colored Jones polynomial knows much more. Actually we 
showed that if we perturb the parameter 2ir\/— 1 a little the corresponding limit 
determines the SL(2; C) Chern-Simons invariant associated with an irreducible rep- 
resentation of iri(S 3 \ K) to SL(2; C) in the sense of Kirk and Klassen [T3]. In fact 
we showed the following theorem. 
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Theorem 1.2 f|22|). Let E be the figure- eight knot. There exists a neighborhood 
U C C of such that if u £ (U \ iiyf— IQ) U {0} then the following limit exists: 

]ogJ rf (K;exp((u + 2ny/=T/N))) 
hm — -. 

N-HX> N 

Moreover the limit determines the SL(2; C) Chern-Simons invariant associated with 
an irreducible representation of 7Ti(5 3 \ E) to SL(2;C) which is determined by the 
parameter u. 

On the other hand, Andersen and Hansen [TJ Theorem 1] refined the volume 
conjecture for the figure-eight knot as follows. 

Theorem 1.3 ([1 ). The following asymptotic equivalence holds: 

J N (E;exp{2TrV^l/N)) 

Note that the twisted Reidemeister torsion and the Chern-Simons invariant as- 
sociated with the unique complete hyperbolic structure of S 3 \ E are 2/%/— 3 and 
y/— 1 Vol(E) respectively. 

Note that we write f(N) ~ g(N) if and only if Iim^oo f(N)/g(N) = 1 and 

N— >oo 

that (|1.1[) follows from the equivalence relation above when K is the figure-eight 
knot. 

In this paper we refine Theorem II .21 as Theorem [T73] for the case where u is real. 

Theorem 1.4. Let u be a real number with < u < log((3 + v / 5)/2) = 0.9624. . . 
and put £ := 2ir\/— 1 + u. Then we have the following asymptotic equivalence of the 
colored Jones polynomial of the figure- eight knot E: 

(1.2) J N (E;eMW)) ^ ^J^f^ (f ) '""P . 
where 

S{u) := U 2 {e u ~^) - Li 2 (e u+V(u) ) - wp(u) 

and 

T(u) := 2 

^(e 11 + e^ 11 + l)(e" + e~ u - 3) 

-Here <p{u) '■= arccosh(cosh(w) — 1/2) and 

U 2 (z) :=- f lQg(1 = X) dx 
Jo % 

is the dilogarithm function. 

Note that S(u) defines the SL(2; C) Chern-Simons invariant and T(u) is the 
cohomological twisted Reidemeister torsion, both of which are associated with an 
irreducible representation of ni(S 3 \ E) into SX(2;C) sending the meridian to an 
element with eigenvalues exp(w/2) and exp(— u/2). See Section 0] for details. 

Remark 1.5. Since the figure-eight knot is amphicheiral, we have Jn(E; q _1 ) = 
Jn(E; q). Thus if u < we have 

J N (E; exp((u + 2n\/^l) /AT)) = J N (E; exp((-u - 2 ?!-/-[) /N)) 

= J N (E; exp((-u + 2ttV=1)/N)) , 
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where z denotes the complex conjugate of z. So if we prove Theorem II .41 for u > 0, 
we have a similar asymptotic equivalence for u < 0. Details are left to the readers. 

Theorem 11.41 confirms the following conjecture in the case of the figure-eight knot 
for real u with < u < log((3 + >/5)/2). 

Conjecture 1.6 ([8, 2 ). Let K be a hyperbolic knot. Then there exists a neigh- 
borhood U € C of such that if u G U \ iryf— TQ, we /lave i/ie following asymptotic 
equivalence: 

1/2 

eXp( ^ )} W ~oo 2^2) T & ^ (?) eXP (f "0 ' 

where £ := 1 + u, T(K\u) is the cohomological twisted Reidemeister torsion 

and S(K; u) is the SL(2; C) Chern-Simons invariant, both of which are associated 
with an irreducible representation of 7Ti (S 3 \ K) into <SX(2;C) sending the meridian 
to an element with eigenvalues exp(u/2) and exp(— u/2). 

For physical interpretations of this conjecture, see for example [2]. 

For torus knots we know the following result. Let T(a, b) be the torus knot of 
type (a, b) for positive coprime integers a and b. It is known that the SL(2; C) 
character variety of tti(S 3 \ T(a, b)) has (a — 1)(6 — l)/2 components [TS] (see also 
|18j). Such components are indexed by a positive integer k that is not a multiple 
of a or b. See § 2] for details. Let pk be an irreducible representation in the 
component indexed by k, Sk(u) be the Chern-Simons invariant associated with pk 
with exp(±u/2) the eigenvalues of the image of the meridian by pk, and Tk be the 
cohomological twisted Reidemeister torsion associated with pk- Then we have the 
following formulas [S]: 

Skiu) ■= AoM 

and 

16sin 2 (fc7r/a) sin 2 (fc7r/6) 



T, 



k 



ab 

Dubois and Kashaev [5], and Hikami and the author [9] obtain the following as- 
ymptotic equivalences. 



Theorem 1.7 ([5]). For u — we have 
J J v(T(a,&);exp(27rV^T/^)) 

TT 3 / 2 / N \ 3 ' 2a ^ 



jv-^oo 2ab \2ir\/^ 



k=l 

Note that since Tk vanishes if a or b divides k, the summation is for all the irre- 
ducible components of the character variety. 

Theorem 1.8 ([9). Let u be a complex number with < |u| < 2n/(ab). Then we 
have 

J N (T(a,b);eMC/N)) ' 



n-+oc A(T(a,b);e u ) 



when Re u > and 
J N (T(a,b);exp(£/N)) 



W2)S ( - 1)r ' (?) ^ 



n^oo A(T(a,b);e u ) 2 sinh(w/2) ^-f v \U \€ 



S k (u) 
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when Ren < 0, where £ := u+2tt^/— 1 and A(T(a, 6); t) is the Alexander polynomial. 
See [S] for more details. 

The paper is organized as follows. In Section [5] we give an integral formula for 
the colored Jones polynomial using the quantum dilogarithm. We study its asymp- 
totic behavior by using the saddle point method to give a proof of Theorem 11.41 
in Section [3j In Section [4] we give topological interpretations of S(u) and T(u). 
Sections [5] to |S] are devoted to miscellaneous calculations. 

2. Integral formula for the colored Jones polynomial 

In this section we use the quantum dilogarithm function to express the colored 
Jones polynomial of the figure-eight knot as an integral. We mainly follow [T]. 
First of all we recall the following formula due to Habiro and Le (see for example 

EH). 

N-l k 



*(E;?) = En(« M/2 -^ 



(N-l)/2\ ( g (N+l)/2 _ q -(N+l)/2 



(2.1) fc=0 1=1 

y ' N-l k 



fc=0 1 = 1 

For a complex number 7 with Re(7) > 0, define the quantum dilogarithm S 1 ( 
as follows [B]: 

q M _ (if dt 

where |Re(z)| < n + Re(7) and Cr is (— 00, — R] U £Lr U [R, 00) with :— 
{i?exp(y^T(7r - s)) I < s < tt} for < R < min{vr/|7|, 1}. Note that the 
poles of the integrand are 0, ±y/—l, ±2y/—l, . . . and ±ny/— 1/7, ±2^^/— T/7, 

Remark 2.1. Note that in [T] it is assumed that 7 is real and < 7 < 1 but we 
can define S 7 (z) when Re(7) > 0. See [3J (3.21)]. (Our quantum dilogarithm 
Sy(z) is equal to $(z/(27r); 7/71") in [3].) We give a proof of the analyticity of S 7 in 
Lemma 15.11 



The following formula is well known and its proof can be found in [TJ p. 530], 
Note that they assume that 7 is real but their proof is also valid in our case. 

Lemma 2.2. If | Rc(z)| < tt, then we have 

(2.2) (l + e ^)s 7 (z + 7) = S 7 (z- 7 ). 

Putting 7 := (2tt - y/-Iu)/(2N) and z := tt - y/=lu - 2/ 7 (I = 1, 2, . . . , N - 1) 
in (|2.2p . we have 

1 + e V=l(<K-V=lu-2h)\ 5 _ ^/ZTy _ 2/7 + 7) = S^TT - y^lM - 2Z 7 - j). 



So for k = 1, 2, . . . , N — 1 we have 

fe fe 

n(i-exp((7v-oe/iv))=n( i 



e V^T(7r- V-hi-2irl/N+ V^lul/N) 



1=1 1=1 

k 5 7 (tt- V^u- (2Z + 1) 7 ) 



n 



|= AS r ( 7 r-V=T«-(2i-l)7) 
5 7 (tt- V^Tu- (2fc + 1)7) 

/S-y (7T — \J — lu — 7) 
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Similarly we have 

fe 

n(l-exp((7V + /)£/A0) 
1=1 

Therefore we have 
J N (E;eM^/N)) 



/S 7 (— 7T 



■lu + 7) 



5 7 (-tt - V^lu + (2k + 1)7) 



S-y (— 7T — a/— lu + 7) 



JV-1 



exp(— /cm) 



Using S-y we define 
(2.3) 9n(w) :— exp(-Nuw) 



S' 7 (7r - 



5 , 7 (tt- a /^Tm- (2fc + l) 7 ) 
5 7 (-tt - y^Tw + (2fe + 1)7) ' 

lu + y/^l^w) 



Since S 7 (z) is defined for | Re(z)| < n + Rc(7), the function gN(w) is defined for \ 
with 1 7r — Im(£w)| < 7r + Rc(7) = tt + tt/N, that is, w is in the strip —(2tt/u) Re(u>) - 
n/(Nu) < Im(to) < -(2n/u) Re(w) + 2tt/u + tt/(Nu) (Figured]). 

Im 
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Figure 1. The function ($, respectively) is defined between 
the two dotted (thick, respectively) lines. The dashed parallelo- 
gram indicates the contour C + (e) U C_(e). 

For < e < l/(4iV), let C+(e) be the polygonal line that connects 1 — e, 
1 — u/ (2n) — e + \f—i, —u/(2n) + e+ \/—T, and e, and C_ (e) be the polygonal line 
that connects e, u/(2n) — \f— 1, 1 + u/(2n) — y — 1, and 1 — e. See Figure [T] Put 
C(e) := C_(e) U C+(e). Note that the domain of gjv(w) contains C(e). 

By the residue theorem we have 
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J N (E;exp{t/N)) 

_ £y(-7r - V^Tm + 7) v^lexp(u/2)iV 



S-y(TT 



-Xu — 7) 



C(e) 



tan(Nirw)gN(w)dw 



since the set of the poles of tan(iV7ru;) inside C(e) is {(2fc 
0, 1, 2, . . . ,N — 1} and the residue of each pole is — 1/(Ntt). 
Putting 



1)/(2N) I k 



G±(N, e) := / tan(Nirw)gN(w) dw, 
Jc ± (s) 



we have 
(2.4) 

J N (E;exp(£/N)) 



-lw + 7) v /7 Texp(u/2)Af 



5 7 (7T — \J — lu — 7) 



(G+(N,e) + G-(N,e)). 



3. Approximating the integral formula 

In this section we approximate the integral formula for the colored Jones poly- 
nomial obtained in the previous section. 

Since tan(iV7r?ii) is close to y— 1 (— y— 1, respectively) when Im(w) is posi- 
tive and large (negative and |Im(u>)| is large, respectively), we can approximate 
G±(N,e) by the integral of g_/v(u>) on C±(e). In fact if we write 



G ± {N,e) = ±y/=l / 



<7aj-(u>) dw 



IC±(e) 

then we have the following lemma. 



(tan(7V7rw) =p y/— T)gjy(w) dw, 



C±{e 



Proposition 3.1 (see Equation (4.7) in pQ). There exists a positive constant K\ t ± 
independent of N and e such that the following inequality holds: 



(ta,n(Nirw) =p \J — l)g^{w) dw 



C±(e) 



< 



N 



A proof is given in Section [6] 

Now we approximate the integral of gN(w) along C±(e). Define 

1 



Li 2 e 



Li 2 (e 



u-\-^w 



)) 



uw. 



Since Li 2 is analytic in the region C\ (1, 00), the function $ is analytic in the region 
{weC -^Re(io) < Xm(w) < -^-(Re(w) - 1)} (Figure[J). 

Proposition 3.2 (see Equation (4.9) in [1 ). Let p(e) be any contour in the par- 
allelogram bounded by C(e) connecting e and 1 — e, then there exists a positive 
constant K2 independent of N and e such that the following inequality holds. 



g N (w)dw 



exp(N®(w)) dw 



< K2 l0g(iV) max {exp(i\T Re $(«,))} 



A proof is given in Section [7J 

We will study the asymptotic behavior of Jc?±(e) exp(iV$(u))) dw for large N. 
Since $(w) is analytic in the region {w G C | — =^-Re(w) < Im(u>) < 
■^(Re(io) - 1)}, we have 



/C+(e) 

by Cauchy's integral theorem. 



exp(iV$(u;)) dw 



C-(e) 



exp(A^$(w)) dw 
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We will apply the saddle point method (see for example |16l § 7.2]) to approxi- 
mate the integral J c exp(N$(w)) dw. 

First we hnd a solution to the equation d<fr(w)/dw = 0. Since we have 



a solution to the equation 



log(l - e u ^ w ) + log(l - e u+ ^ w ) - u, 



e tw + e~ iw = e 1 ' 



can be a saddle point that we need. Put 
(p(u) := arccosh(cosh(u) — 1/2) 

(3.1) = log Q (e u + e~ u - 1 - y/(e u + e~ u + l)(e" + e~ u - 3)) 

(p{u) := <p(u) + 2n\/^l, 



and 



w 



(p{% 



where we choose the square root of (e u +e _u +l)(e"+e - ™ — 3) as a positive multiple 
of \/— 1 and the branch of log so that — 7r/3 < Im^(u) < 0. 

Remark 3.3. Note that f(u) and <&(u) are purely imaginary since 
e" + e~ u - 1 - ^(e« + e~ u + l)(e u + e~ u - 3) 



= 4. 



It is easy to see that d$(wo)/dw = 0. Since we have 

27T Im. ip (u) 

Im(w ) H Re(w ) = , 

u u 

wo is in the domain of <fr. 

We choose a path P from e to 1— e that passes through wo so that near wo it keeps 
Im$(it;) constant and that Re$(u>) takes its maximum (over all w on P) at z«o as 
indicated in the thick curve in Figures [2] Then the integral J c ,^ exp(iV$(u;)) dw 
is approximated by the integral near wo along the path we choose. More precisely 
we have 

f ,, TI , „ , v / 27rexp(7V$(u) )) 

(3.2) / exp(N$(w)) dw ' 



/c_(e) vW^-d 2 $(wo)/dw; 2 

from [TBI Theorem 7.2.8], where the sign of the square root of — d 2 3>(wo)/dw 2 is 
chosen so that 



(3.3) ^/-d 2 $(w )/dw 2 x (tangent of P at w Q ) > 0. 
Note that 

(3.4) $(wa) = ~ (Li 2 (e«-"W) - Li 2 (e^W) - «0(u)) . 

From Propositions 13.11 and 13.21 choosing P as a contour in Proposition 13.21 we 
have 



G± (N, e) T \/ Z T / exp(N<f>(w)) dw 

Jc+(e) 



< 



C±(e) 

(tan(A^7rw) =F \/— l)ffjv(w) dw ± \/^-L I (9n(w) — exp (TV <&(?«))) 

C±(e) ^C ± (e) 



<^ + ^f^exp(iVRe^ o) ). 
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0.5 



-0.5 




0.2 0.4 0.6 0.8 1 

Figure 2. A contour plot of Re$(w) on the complex plane for 
u = 0.9. A brighter part is higher than a darker part. The path P 
is indicated by a thick curve and the saddle point wq is marked by 
a circle. 



From (|3.2j) we have 



lim 



G±{N,e) 



<- 



K h± , K 2 log(N) 



exp(A^ Re$(w )) 



JV- 



N 
0. 



N 



IC±(e) 



exp 



'N$(w)) dw 



Here we use the following lemma which will be proved in Section 13.41 

Lemma 3.4. The real part of $(iuo) is positive for < u < log ((3 + \/a)/2) 
Therefore from (|3.2|l we see that J c± ^ exp(7V$(w)) dw grows exponentially. 

So we have 

G±(N,e) ~ ±V^l [ exp(AT$(») dw. 

N ^°° Jc+(e) 



Therefore from (12.41) we have 
J N (K;eMC/N)) 



e u - 1 2 



exp(N$(w)) dw — / exp(7V$(u;)) 

C_(e) Jc+(e) j 



2sinh(u/2) \Jc-(e) 
from the lemma below. 



exp(7V$(u;)) dw; 
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Lemma 3.5. For 7 = (27r — \J — lu)/ (2N) with positive u, we have 

S" 7 (-7T - y/^lu + 7) _ e 7r "/T - 1 

5 7 (tt- v /Z Tw-7) ~~ e" - 1 
Therefore we have the following asymptotic equivalence: 

S 7 (-7T-v/=Tlt + 7) e 2*V=luN/t- 

5 7 (?r - x/^Tit - 7) nZoc e u -l 
A proof of the lemma is given in Section [5] 
Remark 3.6. When u = 0, we have 

gy(-7r + 7) 
^(tt - 7) 

from 1, P. 492]. 
Since 

d 2 <P(w ) 
dw 2 

we have the following asymptotic equivalence from (|3.2p : 



N 



= £,\J{e u + e- u + l)(e" + e~ u - 3), 
27rexp(iV$(w )) 



/ exp(7Vcf>(w)) c?w — = . 

J°-W N ^°° VNyJ-Zy/(e" + e-« + l)(e" + e-« - 3) 



where we choose the square root of y — £\/ (e" + e~ u + l)(e" + e~" — 3) so that it 
is in the fourth quadrant from (13.31) . 
Therefore we finally have 

J N (E;exp(^/N)) 

Ne 2nV=luN/£ 



N^oo 2sinh(«/2) ^yZ-eVI^Te-" + l)(e« + F^J 
x exp (j (hi 2 (e^^ - Li 2 (e u+v{u) ^ - wp(u))\ 



-2 In (n 

— exp — S(u) 



2 sinh(w/2) V ^/( e u + e~ u + l)(e u + e~ u - 3) y £ \£ 
Here we put 

S(it) := Li 2 r e «-v(«)") - Li 2 ( e u+¥,(u) ) - up(it). 
Remark 3.7. When u = 0, we have 

/ exp(iV$H)^ ~ exp(^( W0 ))_ 

Since wq — 5/6 in this case we have 

$(wo) = ^= (Li 2 (e- 5 ^/3) _ Li 2 ( e 5 ^/3; 

_ 6 v / ^TA(7r/3) _ Vol(£) 
27T V /Z T ~~ 2tt 
Therefore from Remarkl3.6l we have Theorem II .31 



4. Topological interpretations of 5(u) and T(u) 
In this section we describe topological interpretations of S(u) and T(u). 
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4.1. Representation. Let x and y be the Wirtinger generators of the fundamental 
group iti(S 3 \ E) (with a base point above the paper) of the complement of the 
figure-eight knot E depicted in Figure [3l The group iri(S 3 \ E) has the following 



y ix 




Figure 3. Generators of the fundamental group of the comple- 
ment of the figure-eight knot 



presentation: 

tti(5 3 \E) = {x,y\ xy~ x x~ x yx = yxy~ 1 x~ 1 y). 

Due to [25] any non-abelian representation p of 7Ti(5 3 \ E) into SL(2\ C) is, up to 
conjugation, given as follows: 

< \ h 1/2 1 



p(y) 

where 



m 1 / 2 
-d m- 1 ' 2 



d= -(m + m 1 - 3 ± y/{m + mr 1 + l)(m + mr 1 - 3)) . 

Since the longitude A is given by xy~ 1 xyx~ 2 yxy~ 1 x~ 1 if we read it off from the 
top right, we have 

m _ ( ^m)* 1 (m 1 / 2 + m~ 1/2 )s/(m + m _1 + l)(m + m _1 - 3)\ 
P{ } ~ { £(m)^ ) ' 

where 

„, . ui 2 — tii — 2 — 7n~ -\- in 2 (to — to -1 ) n ; tt ; r 

£(m) := h -\J(m + to,- 1 + l)(m + to" 1 - 3). 

See also [THl Section 3.1]. 

Let p u be the representation given by putting to := e u . We introduce a parameter 
v so that £(e u ) = e°l 2 . Since we assume that < u < log((3 + v / 5)/2), we have 
2 < e u + e~ u < 3. Therefore we have 

l%")| 2 = i(e 2n -e n -2-e- u + e- 2 ") 2 -i(e M -e- ,i ) 2 (e n + e- u + l)(e u +e-"-3) = 1 

and so v is purely imaginary. 

The representation p u gives an incomplete hyperbolic structure to S 3 \E and its 
completion is the generalized Dehn surgery |26j with parameter (p, q) with pu+qv = 
2tx\J — 1. Since i> is purely imaginary p = and q = 2n\J —\jv. Therefore the 
completion is a cone manifold whose underlying space is the 0-surgery of S 3 along 
the figure-eight knot with singularity the core of the surgery and with cone angle 
a = lm(v) = vj\J — 1. Note that when u = 0, the cone angle is 27r and when 
u = log((3 + \/5)/2), the cone angle is 0. See [TU] for more details about the 
geometric structure of this manifold. 
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In the following two subsections we will calculate the Reidemeister torsion and 
the Chern-Simons invariant associated with p u . 

4.2. Reidemeister torsion. From [24, P. 113] (see also [4j § 6.3]) the cohomo- 
logical Reidemeister torsion T^(p u ) associated with the longitude A twisted by the 
adjoint action of the representation p u is given by 



^17 + 4Tr(p u (A)) 



2m + 2m- 1 - 1 



up to sign, where Tr means the trace. Note that since in [23] Porti uses homological 
Reidemeister torsion, we need to take the inverse. 

From [23] Theoreme 4.1] the Reidemeister torsion T^(p u ) associated with the 
meridian p is given by 

T* (Pu) = ±|£l*W 

Since £(e u ) = e 11 / 2 , we have 

d(2\og£(e u )) 1 _ 2 



du 2e« + 2e-«-l y/{& + e -« + i)( e « + e ~ u - 3) ' 

Therefore T(u) that appears in Theorem 11.41 coincides with T^(p u ) up to sign. 

4.3. Chern Simons invariant. Let M be a closed three-manifold and 
p: %i(M) — > SL(2;C) a representation. Then the Chern-Simons invariant csm(p) 
is defined as 



If 2 

— -~ / Tr(A AdA+ -A A A /\ A) £ C/Z, 

OTT Z J M 



where A is the st(2; C)-valued 1-form on M with dA + A A A = such that p is 
given as the holonomy representation induced by the fiat connection on M x SL(2; C) 
defined by A . 

In [T3] Kirk and Klassen defined the SL(2; C) Chern-Simons invariant csm(p) for 
a three-manifold with boundary. It is a triple [a, 0; z] of complex numbers modulo 
the following relation: 

[a, (3; z] = [a + 1, (3; z exp(— 8k y/— 1/3)] = [a, /? + 1; z exp(87r\/— la)] = [—a, — /?; z]. 

For i = 1,2, let M, be a three-manifold with boundary dMi a torus and put M := 
M i V)dM 1= -dM-2 M ?- For a representation p: 7Ti(M) -> SX(2;C), put := p\ M _. If 
csAf.(Pi) = [a,/3;«j] then cs M (p) is given by z x z 2 . 

Define the Chern-Simons invariant CS M (K) for a knot K to be 



css 3 \e{Pu) 



_Att\J-\ 47TV-1 
Then as described in [5] we have 

CS U (E) = S(u) - ny/^lu - — . 

Note that we are using the PSL(2; C) normalization of the Chern-Simons invariant 
[141 P. 543]. So the function f(u) in 23 is - CS u (E)/4 (up to a constant) and the 
function f(u) in [H P. 543] and [27J is -2yf^lCS u {E)/n. 
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5. Calculation of 

In this section we first show the analyticity of S* 7 and then calculate its special 
values. 

Lemma 5.1. // a complex number 7 has the positive real part, then S^(z) is an 
analytic function in {z £ C | | Re(z)| < 7r + Re(7)}. 

Proof. Put 

L 7 (t) 



t sinh(7rt) sinh(7t) 

We will show that the improper integrals L 7 i dt and /_ L^t dt converge. 

Putting z := x + y/—ly and 71=0 + y/—lb for real numbers x, y, a, b with a > 
we have 

— 2e xt (cosh(at) s'm(bt) sin(iy) + sinh(at) cos(fri) cos(yt)) 
6 7(1 " ~ isinh(7ri)(cos(26t) - cosh(2ai)) 

and 

2e a: * (cosh(ai) sin(6t) cos(iy) — sinh(ai) cos(6i) sin(yt)) 



Im(L 7 (t)) 



i sinh(7rt) (cos(2&t) — cosh(2at)) 



for i € R. 

If i is positive and sufficiently large we have 

|Re(L7W)l " tsinh(7rt)(cosh(2ai)-l) 

g e (x-7T— o)< 

- t(l _ e - 27rf )(l + e- 4a * - 2e- 2a *) 

and similarly we have 

g e (x-TT-a)t 

IM^C*))! < t(1 _ e -2 W t )(1+e -4a t _ 2e -2a t) - 

Therefore the integral L 7 t converges since x < it + a. 
If t is negative and |t| is sufficiently large we have 

n Jx-a)t 

|Re(L 7 (*))|< 



t sinh(7T<)(cosh(2at) — 1) 

g e (x+TT+a)t 
~ £( e 27Tt _ l)( e 4at + 1 _ 2e 2at) 

and similarly we have 

g e (a;+7r+a)t 



Im(L 7 (t))| < 



i ( e 27rt _ 1)( e 4at + ! _ 2e 2a *) 



Therefore the integral J_ L^tdt converges since x > — n — a. □ 



Next we prove Lemma 13.51 
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Proof of Lemma \3.5l By the definition we have 



5 7 (— 7T — y/ — lu + 7) 




= exp 



: CX P 77 




e (x-v/=T«- 7 )t \ dt 
Cr \ sinh(7rf) sinh(7t) sinh(7rf) sinh(7t) J t 
j ut sinh(-7rt + -ft) dV 



sinh(7rf) sinh(7i) t 



- lu *coth 7rt) , 1 

y —^dt- - 

t 2 



: coth(7£) 



Cr 



t 



dt 



We will calculate the integral f c e v r ^- ut coih(nt)/t dt for a complex number k 
with Re(«) > and Im(«;) < 0. 

Put k :— a — j3y/—l with a > and j3 > 0. For a positive number r, let Ui be 
the segment connecting r and r + r' (3/a — r'y/—l, U2 be the segment connecting 
r + r' [3/a — r' \J — 1 and — r + r' /3/a — r'y/— 1, and be the segment connecting 
— r + r'(3/a — r' ' \J~^l and — r with r' := (n + l/2)-Ka/\n\ 2 , where n := [r-|/« | 2 /(7ro:)J . 
Here [^J is the largest integer that does not exceed x. Note that r — Tra/{2\n\ 2 ) < 
r' < r + na/ (2|«| 2 ). We use r' instead of r just to avoid the poles of coth(/«t). Then 
we have 



■ coth(«;t) dt 



< 



n 



— y/ — lu(r-\-s/3 /a — sy/ — 1) 



coth((a - @>/^l){r + s/3/a - s-\/-l)) | ds 



1 

<- 

r 



<- 



1 



r + s/3/a — sy— T 
e~" s |coth(ra - \/-T(sa + r/3 + s/3 2 /a)) | (is 

e- us ds 



-—(l-e~ ur ) 
ur 



Similarly we have 



-lut 



'Us 



■ coth(fci) dt 



< 



~ ra 



— V^l^( — r+s/3/a— sV — 1) 



cosh((a — /3\/^T)(— r + s/3/a — sv— 1)) | ds 



-r + s/3/a — sy— 1 
r" s |cosh(-ra - v / ^T(so! - r/3 + s/3 2 /")) | rfs 



<-!_L(l- e - ur ) ^^>0. 
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We also have 



■ coth(«;t) dt 



U-2 



< 



<- 



-lu(s+r ft I a — r y — 1) 



s + r' (3/a — r'y— T 

tir' /* r 



r 



— r 



coth((a - /3V r T)(s + r'P/a - rA 
coth(sa - \f^l(r'a + s/3 + r'/3 2 /a)) \ ds 
coth (sa - \/ z l((n + 1/2)tt + s/3)) | ds 
|tanh(fts)| ds 



-1))| ds 



(<5 := max |tanh(«;s)| > 0) 

-Ks<l 



<- 



<- 



r 

2e~ tir ' 
r' 



2(5 



2(5 



_1 |e KS - e~ KS | 



ds 



■ ds 



- 1 |e KS | + |e~ KS | 



oKS p-KS 



j coth(as)| ds 



ds 



i e 



■ ds 



s+ log(sinh(ar)) - log(sinh(a)) \ r ^oo^ Q 



Therefore we have 



C R 



t 



coth(Kt) dt = 27rV Z: T^ Res 



-lut 



■ coth(Kt);t 



1=1 



and so we have 



i=i 

= -21og(l - e U7T/K ) 
S 7 (-7T - ^f^lu +7) _ 1 - e U7r /^ 



6. Proof of Proposition \3A 



In this section we follow Q~| Appendix A] to show Proposition 13.11 
From [1, § 4.1] we have the following integral expression for |Re(z)| < it, 
\Re(z) \ = it and Im(z) > 0: 



' Li 2 (-e^) = 1 



2V-1 



4 J c t 2 sinh(7rf) 



dt. 



Therefore we have 



S 7 (z) = exp ( 2 ^_ T ^ Lhi-e^*) + J 7 (z) 
exp ( — Li 2 (-e^ z ) + 7 7 (z 
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where 



J 7 (z) 



1 



1 



1 



dt 



7 ' 4 J Cr t sinh(7rt) \^sinh(7t) -ft / 

(see [TJ Equation (4.2)]). Note that I-y(z) is defined for z with |Re(z)| < tt ([T| 
Appendix A]). 

Then we have from 

9n{z) 



(6.1) 



; exp 



j (Li 2 (-e^ T7r+ "-« z ) - U 2 {~e-^ T7T+u+iz )^ - Nuz^j 



exp (/ 7 (7T 



-ltt- 



-l^)-/ 7 (-7T 



-lit- 



= exp(A$(z)) exp(/ 7 (7r - + y/^l£z) - J 7 (— 7r - v/^Tu - V^T^z)). 

We first give an estimation for |J 7 (z)|. 

Lemma 6.1 (see Lemma 3 in [T]). If | Re(z)| < tt, then we have 

1 1 



\Ly(z)\ < A 



3 -Im(z)R 



v 7T — Re(z) tt + Re(z) 

If | Re(z)| < tt, then we have 

|J 7 (z)| < 2A + S(l + e- Im W fl )| 7 |. 

Proof. We follow [TJ Appendix A]. 
Put 

i 1 

t/)(w) := 



l7l 



sinh(iw) w ' 

which is holomorphic in the open disk Dq(tt) with center and radius tt. Note that 



(6.2) 



w — sinh(w) 



w sinh(w) 

for entire functions h(w) and k(w) with 

oo 

h(w)=J2 



h(w) 
k(w) 



•»2J 



3=0 



(2j + 3)! 



and 



It' 



2j 



,^(2i + l)! 

when | it; | < 7T. Therefore there exists (5 > such that min^i^ \tp{w)/w\ = D > 
since lim^^o tp( w )/ w = 1/6. 

Put C5 := [-<V|7|, -R] U U [i?, <VM]- Consider the following integrals I {z) 
and I\{z) so that / 7 (z) = Io(z) + -fi(z): 



exp(zi) 



Ca isinh(Trf) 
15/171 exp(zi) 



^(7*) * + 7 



exp(zi) 



^( 7 i) dt. 



x isinh(7rf) 4 J^/i-yi tsinh(7rf) 

Since lim t0 _>. oo wip(w) = 0, ^(u;) has poles at w = mir^f— 1 (m = ±1, ±2, . . . ), and 
Im( 7 ) ^ 0, we have |7ii/ , (7'0l < _E for a positive number E. Note that E 1 depends 
only on the argument of 7 and so only on £ = 7 x So we have 



Wt*)I < 
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for any t. Therefore we can apply the argument (replacing 7 there with \y\/E and 
a with S/\j\) in [TJ Page 532] to conclude 



\h(z)\ < 



E 



if I Re(z)| < 7r and 
\h[z)\< 



E\l\ 



S (! _ e -2 W |5|/| 7 |) 



-(7r-Re( 2 ))5/| 7 |) 



-(7T+Re(«))«/|7|) 



2(5 2 (1 - e-^/M) V 7r — Re(» 

if \Rc{z)\ < 7T. 

Next we estimate io(z)- Let M(z,R) be the maximum of 
t G f2_R. Then we have 

exp(zi) 



7T + Re(z) 



for 



fsinh(7rt) 



V>(7*) eft 



< TrRM(z,R). 



From (|6.2p we have 



Mfz, i?) = max 



t sinh(7rf) 



max 7 



sinh(7rf) 



/i( 7 t) 



Kit) 



since |7i| = I7I-R < ir when < g and iZ < 1. Then putting L(R) 



max t6 f! K |/i(z)/fc(z)| and N(z,R) := max te n R |e zt /( e7rt ~ e 
argument in [TJ Page 533] to have the following estimation. 



{ )| we can apply the 



4 Jq r tsinh(Trf) 



^(jt) dt 



3 -Im(z)fl 



for a constant B (depending only on R). 

Now we will estimate the rest of Iq(z). We have 



< 



s/h\ 

-R 



t sinh(7rt) 

Re(z)t 



■5/171 



-5/I7 Kl|sinh(7r<)| 

S/h e Re(z)t + e -Ro(z)t 



ip(jt) dt - 
\ip(lt)\dt + 
1^(7*) I dt 



tsinh(7rt) 



tp(jt) dt 



s/h 



|t||sinh(7rf)| 



\ip{-yt)\dt 



=2|7l 



f sinh(7rf) 

<5/|7 e Rc(z)t _|_ e -Rc(z)t 



It 



dt. 



Since ip(w)/w is continuous in Dq(tt) and lim^-vo %p(w)/w = 1/6, there exists <5 > 
such that min^i^ \ip(w)/w\ = D > 0. Therefore if a < S/\j\, then \-ft\ < \j\a < 5 
in the integral and so we have 



-ipijt) dt - 



s/h\ 



<2| 7 |£> 
2\j\D 



s/hl isinh(Tri) 

S/h\ e Rc(z)t + e -Re(*)i 



t sinh(7rf) 



ip(jt) dt 



dt 



< 



d -2tiR 



/ e -(7r-Re(z))t + e -(-K+Re(z))t\ ^ 
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Then from the argument in [TJ Page 533] we have 



-R 



<- 



-5/H isinh(Trt) 
4SD 



ip(~ft) dt 



R t sinh(7ri) 



ip(jt) dt 



1 - e- 2 * R 
when | Re(z)| < %, and 

-R 



<- 



s/h\ 
2|7|£> 



t sinh(7ri) 



ip(~ft) dt 



s/h\ 



n 



t sinh(7rt) 



t/j(jt) dt 



(l-e-27rfl) 



e -(7r-Re( Z ))5/| 7 | 

7T — Re(z) 



+ 



e -(7r+Ite(a))«/|7| 

77 + Re(z) 



when | Re(z)| < 77. 

Therefore if | Re(z)| < 77, we have 



J 7 (z) < 



< 



5(l_ e -!hr|«|/H) 

1 



| 7 |B 1 



3 Im(z)fl 



,-2-kR 



1 



= -2tt_R 



| 7 |B 1 



= Im(z)_R 



since <5/| 7 | > R. If | Re(z)| < 77 we also have 



< 



2S 2 (1 - e-^/l-vl) 



| 7 |D 



2(1 
|7|B( 



-2tt7? 



77 — Re(z) 

1 _ e -(7r-Rc( z ))5/l7l 



l+< 
1 



lm(z)R 



77 — Re(z) 



77 + Re(z) / 

1 _ e -(7T+Re(«))tf/l7l 
77 + Re(z) 



<hl , 

" V77-Re(z) 77 + Re(z) J 1 - e-^ R 
The lemma follows by putting 



Jm(z)R 



A 



d -2ttR 



E 5D 
2S + ~ 



E D 
2P + ~2 



□ 



Now we prove Proposition 13. II 

First note that since gN(x) has no poles inside C+(e) U C_(e), we can assume 
that e = without changing the sum, that is, 



(tan(iWx) 



c+0) 



c+(o) 



(tan(iV7rx) 



-l)^iv(x) da; + 
-l)s-jv(a;) dx + 



(ta.n(Nirx) + y/—l)gjsr(x) dx 



C-{e) 



C_(0) 



(tan(iV77x) + \/— \)gjsi{x) dx 



We decompose C+(0) into C +! i U C +! 2 U C +i 3, where C+,i connects and 
—u/(2n) + V^T, C +i 2 connects —u/(2tt) + and 1 — u/(2n) + \f—l, and 

C+,3 connects 1 — u/(2tt) + and 1. Similarly we also decompose C_(0) in 

to C- t i U C_,2 U C_ ; 3, where C-^ connects and u/(2ir) — C_,2 connects 

uj (277) — and 1 + m/ (27r) — and C-,3 connects l + it/(27r) — \/— T and — 1. 

Let I±j(N) be the integral of (tan(iV77a;) — ^/—l\gj^{x) along G±j (i = 1, 2, 3). We 
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will show that \I±,i(N)\ is bounded from above by K±^/N for a positive constant 
K± y i independent of N. 

We will give the following estimations for I±i(N). 



(6.3) 
(6.4) 
(6.5) 
(6.6) 
(6.7) 
(6.8) 



\I+AN) 
\I-AN) 

\i-M N ) 
\i-M N ) 



< 



< 



< 



< 



N ' 

N 

K+,3 

N ' 
N ' 



< 



K- 



N 



< 



K- 



N 



Proof of We first estimate | tan(A^7r(-it/(27r) - 

| tan(7V7r(-w/( 27r ) + v 73 !)*)) 

2g-A r titv /3 T/2-JV7rt) 



-l)t) 



-1|. We have 



,-Nut- 



/-T/2-NiTt) _|_ e Nuty/=I/2+Nirt) 



2e 



-2Nirt 



?-NutJ^l-2Nirt 



Since the denominator is bigger than 1 if Nut < tt/2 we have 

| tan(A^(-u/(27r) + >/=I)t)) - < 2e~ 2Nr!t 

when i < ir/(2Nu). If t > n/(2Nu), then the denominator is bigger than equal to 
1 - e- 2Nrrt . So we have 



jtan(iV7r(-u/(27r) 



■1)*)) 



2„-2N-rrt 2 e - 2N7rt 

-II < < 



1 - e 



-2Nivt 



1 - e- 71 " 2 /" 



when i > ir/(2Nu). Therefore for any < t < 1 we have 



(6.9) | tan(iV7r(-ii/0-) + \/-i)t) 
So we have 

(6.10) |/+,i(JV)| < 



-II < 



2e 



-2N-Kt 



1 - e-^ 2 / 11 ' 



1 - e 



— 7T 2 /Tj 



2N~Kt 



9n 



dt. 



We estimate |pjv((-w/( 27r ) + 

Since the function g^r is not well-defined on the segment (—u/(2n) + \/—l)t 
(Figure [J), we need to consider the segment (—u/(2tt) + y/—T)t + e) (0 < t < 1) 
instead for small e. (See the argument in [TJ Page 534].) 
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From (|6.ip we have 



flN 

- exp 



u 

2^ 



-l)t + E 



1 t + e 



x exp 



I-t I 7T — V — lit — V— 1- 



-1m 



' 2tt 



From Lemma lO there exist A > and £? > such that \I 7 (z)\ < 2A + B\j\(l ■ 
e -im(z)Ry So we have 



.11) 



< exp 



< 



exp 



7VRe$ 
7VRe$ 



-1 He 



-27 + V - |i '' 

lit r . 



exp (2A + B\j\ (1 + e^+KI 2 */^)-™)^ 
exp (2A + B\j\ (1 + e («-|«l 2 t/(27r)+eu)ii) 
exp (2A + S|7|(l + e ("+l«l 2 /(2-)--)fl 



for < t < 1. 

Now we want to estimate Re $((— ut/{2n) 
From the definition we have 



* - 



2^ 



-1 t + E 



i (Li 2 (e lt+ l«l 2t /( 27r )- £ «) - Li 2 (e"-l«l 2t /( 2 ^ +E f)) + Hi 



— V — lwt — £U. 



Since we may assume that Re(w+ |£| 2 i/(27r) — £e) = (1 — e)u+ |£| 2 i/(27r) > 0, there 
are two cases to consider; the case where u — |£| 2 i/(27r) < and the case where 
u-\£\ 2 t/(2ir) > 0. 

If \z\ > 1, it is convenient to replace Li2(z) with Li2(z _1 ) using the following 
well-known formula. 



.12) 



U 2 (z)+U 2 (z- 1 ) 



where we choose a branch of log(— z) so that — ir < Imlog(— z) < it. 
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• The case where u — |£| 2 i/(27r) < 0. We choose e small enough so that 
u - |£| 2 i/(27r) + eu < 0. From (|jTT2|l we have 



((- 



2tt 



1 t + e 



Li 2 (e-"- l«l 2 '/(2-)+ee) _ Li 2 ( e «-l«l 2t /( 2 -)+ e «) 



6 2 



u 2 t 

2^r 



— \/—lut — eu 



1 (-Li 2 (e"-l«l 2 */( 2 ^+« £ ) -Li 2 (e il -l«l 2t /( 2 ^+« £ )) 



tH _ 1_ 

6£ ~ 2£ V" ' 27r 

— \] — \ut — £1i. 



-e£ + V-Itt 



u 2 i 

2^r 



where in the first equality we choose the sign of \[—Vk so that Im(u + 
|£| 2 £/(27r) — e£ + 7T\/— 1) = — eu + it is between — 7r and tt. Since the 
dilogarithm function Li(z) is analytic when Re(z) < 1, we have 



lim $ ( 

e\,o VV 2n 



1 (_Li 2 (e-"- l«l 2 */( 2 -)) -Li 2 ( e "-I«l 2 ^)) 



7r z 1 



2tt 



'-Itt 



2^T 



- \/-lllt. 



Since Li 2 (z) is real when z is real and z < 1, we have 



limRe* (Y-^- + V^l) t + e) 

e\o VV 2tt J J 

= JL ( L i 2 (e— l«l 2 */( 2 ^) + Li 2 ( e «H«l 2t /^))) 

/ |C| 2 A 2 W7r 2 4tt(u+ |e| 2 t/(27r))7r u 2 t 

= - lip (Li 2 (e— l«l 2 */(^) + U 2 (e u -^ 2t ^)) 

5UTT 2 U 3 U\i\ 2 t 2 

Li! irt 

6\a\ 2 m 2 stt 2 

<0 



if u > 0. 
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The case where u — |£| 2 i/ (2tt) > 0. In this case we have 
u 



$ - 



2vr 



-l)t + e 



1 f _ Li2 ( e -u-l«l 2 t/(2 W )+ £ €) +U 2 (e- U+ M 2t /^-^) 



1 

2^ 



2tt 



2tt 



=1 ^ - Li 2 (e- M -l«l 2t /( 2 ^+ £ «) + Li 2 ( e -"+l«l 2 */^- £ «) 



2u /|£| 2 i 



and so we have 



lim Re $ 

e\,0 

u 



s£ + 7rV-T 



u 2 t 
2^ 



-lut — US 



( u r 

(- Li 2 (e-"-l«l 2t /( 27r )) + Li 2 (e- il+ l«l 2t /( 27r ))) 



Re 



2u /|£| 2 i 



ttV-1 



u 2 i 
2^T 



u 
<0 

if u > 0. 



(- Li 2 (e-"-l«l 3i /( 27r )) + Li 2 ( e -"+l«l 2t /( 2 -))) 



47T 2 U W 2 t 

^"27 



Therefore for any t we have Re $((— u/(2n) + y/—l)t + e) < for small e > 0. 
So from (joTTD) and ([6"TTj) we have 



l 7 +.i(A0l ^ 1 _ e - ff2/u exp (2A + B| 7 |(l + e 

^ 7 ^exp(2A + i?| 7 |(l + e (« 



1 - e 



(u+|{| 2 /(27r)-e«)-R 

+ l?| 2 /(2^))fl 



-2JV7T* 



< 



iW(l - r 

iV 



for a positive constant -K+,i. 

Proof of (|6.6[) . Since tan is an odd function we have from (|6.9[) 



(6.13) 



| tan(7V7r(M/(27r) - \A-L)*) + V^T\ < - 



for any < t < 1. 
So we have 

(6.14) |/-,i(iV)| < 



1 - g-^ 2 /" 



-2Nirt 



dt. 



We estimate \g N ((u/(2n) - V^T)t)|. 

As in the case of J +j i we need to calculate gjy(gN((u/(2ir) — %/—!)£) + e). 
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From (|6.ip we have 



: exp 



(( 



u 

2^ 



x exp 



Ijt + e 
lu + 



\Z\ 2 t 



•2tt 



— 7-v I — 7T — V — lit — V — 1 



1^ 

2tt 



-V=le£ 



From Lemma fBTTl there exist A > and S > such that |/ 7 (z)| < 2A+-B|7|(1- 

e -lm(z)Ry Sq we have 



(6.15) 



< exp 



7VRe$ 



< 



exp 



.YRi><T> ( I V-l I ' - 



exp (2A + B\j\(l + e 



(u-\£ft/(2n)-eu)R 



exp (2A + S| 7 |(l + e ("+lfl 2 */(27r)+ £ «)R) 
exp (2A + B| 7 |(l + e (u-\^/(^)-eu)R\ 



for < i < 1. 

Now we want to estimate Re$((wi/(27r) — y 7 — l)t + e) 
From the definition we have 



1 t + e 



i (Li 2 (e"-lfl 2t /( 2ff )- e «) - Li 2 (e"+l«l 2t /( 2ff )+ e «)) 



u 2 t 
~2^ 



' — lut — eu. 



Since Re(u + |£| 2 i/(27r) + e£) = (1 + e)u + |C| 2 */(2tt) > 0, there are two cases to 
consider; the case where u — |£| 2 t/(27r) < and the case where u — |£| 2 i/(27r) > 0. 

• The case where it — |£| 2 t/ (2ir) < 0. In this case we have u— |£| 2 i/(27r) — eu < 
0. From (I6.12j) we have 



(G 



-- ( Li 2 (e"-iei 2t /(2-)- E S) +Li2 ( e -«-ISI 2 t/(2-)- e S) 



7T 

"~6 2 



2tt 



u 2 £ 
2tt 



4 (Li 2 (« 



-lut — eu 



,u-\£\ 2 t/{27r)-£s\ 



Li 2 (e 



-Itt 



-u-|€| 2 t/(27r)-€e 
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Therefore we have 



lim $ ((^- - t + e 

e\o \\27r / 



= - (Li 2 (e"-l«l 2t /( 2 -)) +Li 2 (e-«-l«l 2 */( 2 -))) 



^ 2 1 ( iCl 2 * r-r x 2 
+ 6C + Yc{ u + -t- V ^ 7r 

u 2 t r — 
Ztt 



and so 

= Jj_ ( L i 2 ( e -I«l 2t /^)) +Li 2 (e-"-l«lV(2- 

|£| 2 A 2 utt 2 47r(u+|e| 2 t/(27r))7r uH 



u 

+ 



6|CI 2 m 2 V 2tt ; 2|e| 2 2|£|* 27T 

= (Li 2 ( e -^ 2 */^)) +L i 2 (e-«- l«l 2 */(^))) 



ICI 2 

7?/7T 2 ?/ 3 ?/,l£l 2 t 2 

- 7rf 

- 7rf 



7U7T 2 


U 3 


, «ici 2 t 2 


3|£l 2 


+ 2|C| 2 


8tt 2 


W7T 2 


+ m 2 


u |£| 2 t 2 

8tt 2 


l^l 2 



since Li 2 (z) < 7r 2 /6 for < z < 1. We can easily prove 
mr 2 u 3 m|C| 2 ^ 2 

when < u < 1 and 2w7r/|£| 2 < t < 1. So we have 
lim Re $ (Y— - t + e") < 7rf 

e\,0 VV27T / / 

in this case. 

• The case where u— \£\H/(2ir) > 0. We choose e so that u— \S > \ 2 t/(2n) — eu > 
0. In this case we have 



1 ^ - Li 2 ( e -"+l«l 2t /( 2 ^+ e «) + Li 2 ( e - u -ISI 2t /^- £ «) 

u 2 £ 

— h V—lut — eu 

and so we have 

lim Re $ (Y — - t + e) 

e\,0 \\27T / / 

=^ (-Li 2 ( e -^*/(-)) + Li 2 (e-»-l^*/(-))) + ^-^f 

U 2 t 23U7T 2 „ 

< 2 7 7 -W < ° 
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if < u < 1 and < t < 2utt/|£| 2 . 

Therefore for any < t < 1 we have Re $((u/(27r) — \/ — T)t + e) < irt for small 
e > 0. 

So from (Hog} and (|6TT5|l we have 



\I-,i(N)\ < i _ e _ ffa/u exp(2A + g| 7 |(l + e 







< 



2(1 - e^) 
iV(l - e-^ 2 /") 

JV 



exp^A + B^Kl + e^ 



ISI7(2t))-R 



for a positive constant if. 



□ 



Proof of (|6.5[) . Since tan has period 7r we have 



(6.16) 



| tan(iV7r(-it/(27r) + V~l)t) - V-l| < 



2e 



-2Nrrt 



1 - e" 7 ' 2 / 11 



from (lO]) 

From (|6.16[) we have 

(6.17) |/+, 3 (iV)| < 



1 - g-^ 2 /" Jo 



-2Nirt 



9N 



((- 



2tt 



1 i + 1 



As in the case of I+.i(N) we consider the integral on the segment (— u/(2tt) 

~T)i + 1 - e (Q < t < 1) for small s. 

We estimate $((-it/(27r) + V^T)t + 1 - e). We have 



* - 



2vr 



-1 i+l-e 



:- (Li 2 (e u+l?|2t/(27rMl ~ e) «) - Li 2 (e"~ l4|2 * /(27r)+(1 ~ 



M 2 t 



+ V-lut - (1 - e)u. 

27T 

Since we may assume that Re(u+ |£| 2 i/(27r) - (1 — e)£) = £it + |£| 2 i/(27r) > 0, there 
are two cases to consider; the case where 2u — |£| 2 i/(27r) < and the case where 
2u- |^| 2 t/(27r) > 0. 

• 2u - |£| 2 t/(27r) < 0. In this case, since u - |£| 2 i/(27r) + (1 - e)u < 0, from 
(|6A2| we have 

= 1 ( _ L i2 (e-"-iei 2 f/(2<>+(i-e)«) _ Li 2 (e u " l?|2t/(27r)+(1 ~ £)? ) 



u + ^ (1 - e)£ + TrT^T 



6 2 



2- 



w 2 i 



— v — lut — (1 — e)u 

27T 
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Since the dilogarithm function Li(z) is analytic when Re(z) < 1, we have 
* (_ Li 2 (e-l«l 2 */( 2 -)) - Li 2 (e 2 "-l«l 2 */( 2 -))) 



+ 



6£ 2£ V 2tt 



u t 
2n 



-lut — u. 



So we have 

limRe ( (- — 

e\0 \\ 2ir 

"■ (RcLi 2 (e-l«l 2 */^) +ReLi 2 (e 2 "-l«l 2t /^)) 



r -i) t + 1 - e) 



ICI 2 



U7T 



u |£| 4 t 2 i/7r 47r|e| 2 t/(2^)^ u 2 t 



6|C| 2 2|C| 2 4tt 2 2|£| 2 2|£| 2 2tt 

||j (ReLi 2 (e-l«l 2 */< 27r )) +ReLi 2 (e 2 -l«l 2t /( 2 ^)) 



— u 



uH 



- 7rf + U < 0. 

8tt 2 2tt 



The last inequality follows since — "^2* irt + ^ — it, is a quadratic 

function with respect to u with non-positive maximum. 
• 2u — |£| 2 i/(27r) > 0. In this case we may choose e small so that u — 
\t\H/(2it) + (1 - e)u > 0. Then we have 



= 1 ^ _ Li2(e -«-|«l 2 t/(2x)+(i-,)? ) + Li2 ( e -«+ 



i«i 2 t/(2^-(i- £ )e 



2tt 



2vr 



+ (1 - e)f - tt>/=1 



uH 



+ V^lut - (1 - e)u 

Ztt 



and so we have 
limRe*((-£- 



e\,0 
U 

w 



l)t+ 1 -e 



(-Li 2 ( e H«l 2t /^)) +Li 2 (e- 2 «+l«l 2 '/^))) + S - ^ + S _ ,, 



2ir 



Putting s :— |£| t/(2-K) and consider the function 



f{u, s) := - Li 2 (e" s ) + Li 2 ( e - 2u+s ) + 2u 2 - us + An 2 - |£| 



l^ 5 



27T 2 S 



= - Li 2 (e- S ) + Li 2 (e- 2u+s ) + u z - us - 



2n 2 s 



so that 



w f[u 



2ir 



limRe$ ((-^ L 

e\o \\ 2ir 



l)t + l-e 



7rf. 
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We will show f(u, s) < for < s < 2u < 2 
We have 

df(u,t) 



exp 



Of 



= 2e 27T /u (cosh(u) - cosh(s - u)) . 



Therefore it can be shown that for fixed u, f(u, s) is increasing for < s < 
u — arccosh(cosh(w) — exp(— 2n 2 /u)/2), decreasing for u — arccosh(cosh(u) — 
cxp(— 2ir 2 /u)/2) < s < u + arccosh(cosh(u) — exp(— 2ir 2 /u)/2), and increas- 
ing for u + arccosh(cosh(u) — exp(— 2n 2 /u)/2) < s < u. Since a graph of 
f(u,u — arccosh(cosh(u) — exp(— 2tt 2 /u)/2)) looks as Figure @] and 

2Stt 2 

f{u, 2u) = — -u 2 - Li 2 (e- 2 ") < 0, 



(i 



we see f(u, s) < 0. 




Figure 4. A graph of f(u,u — arccosh(cosh(/u) — exp(— 4ir 2 /u)/2)). 



Therefore we finally have 
2 



\I + , 3 (N)\ < 1 _ e ^ 2/u exp (2A + B(l + e («+l«l 2 /(^))«)| 7 |) 



-2Nirt 



(It 



4ira/|£| 2 



-&Ntt 2 u/\£,\ 2 



-2Ntc 



< 



Nn(l - e-^l u ) 
N 



■ exp 



(2^ + B(l + e>+l«l 2 /( 2 ^ i? )| 7 |) 



for a positive constant if+,3. 

Proof of (|6.8|) . Since tan has period ir we have 



□ 



(6.18) 



| tan(iV7r((u/(27r) - V^l)t + 1) + v^l < 



2e 



-2Nnt 



1 - e-^ 2 l u 



from (|631) 

From (|6.18p we have 

(6.19) |/- >3 (A0l < 



-2Nnt 



fjN 



-1 t+1 



dt. 



1 - e-^l u J 

As in the case of I+ y i(N) we consider the integral on the segment (u/(2n) 
~)t + 1 - e (0 < t < 1) for small s. 
We estimate $((u/(27t) - y^l)t + 1 — e). We have 



VV27T 



1 t + 1 



i (Li2(e"" l4|2 * /(27r) " (1 " £)5 ) - Li 2 (e" + ^ |2t/(2,r)+(1 ^ )f )j 



u 2 t 

h v 7 — lut — (1 — e)it. 

27T 
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We will calculate lim eNi0 $((m/(2tt) - \T-i)t + 1 - e). 

Note that Re(u + |C| 2 */(2tt) + (1 - e)£) = 2u + |£| 2 t/(27r) - eu > for small e. 
Since Re(u - \£\ 2 t/(2n) - (1 - e)£) = -|£| 2 V( 27r ) + eu, if i > we assume that 
Re(u - |^| 2 i/(27r) - (1 - e)£) < 0. Therefore we assume that f > 0. 

In this case from (|6.12l) we have 



.M(JL-^1)/ + 1 



Li 2 (e" 



-|£| 2 t/(277)+e^ 



Li 2 (e 



-2«-|£| 2 i/(27r)+ £ { 



2ir 



IT 1 . 

U 2 t 



— h y—lut — (1 — e)w 

27T 



eC + 7rV^l 



and 



Re$ 



lU+l-e 



- fLi 2 ( e -l«l 2 */( 2 ^+ £ «) +Li 2 ( e - 2u -l«l 2t /( 27r )+ £ «) 



7T 2 1 , 



uH 
~2tt 



2tt 

— lut — (1 — e)u 



- ef + 7TA 



So we have 



lim $ ( ( 

e\0 



( u 



V27T 



= 1 (Li 2 (e-I«l 2t /^) + Li 2 (e- 2M -l«l 2t /( 27 
l£| 2 * 



ZL JL 

6£ + 2£ 
u 2 i 
2t7 " 



2w- 



2rr 



ttV-1 



lu£ — u 

.JL( Lia(e -|«lV(*r) )+LIa( 



-2u-\£\ 2 t/{2ir 



< 



m 2 m 2 

llUTT 2 2U 3 
1 1- 

ICI 2 



2w 



2tt 



4tt 2 



m 2 m 



2u 



2tt 



8tt 2 



3|£| 2 

if <u < 1 and < t < 1. 
Therefore we finally have 



u 2 i 3 

7rf H u < — 7rt 

2tt 2 



uH 
2t7 



I^WK 1 _ e l Vtt exp(2^ + 5(l 



= («+|£| 2 /(2^ 



1 - e 
4(1 



))R )\l\ 



-Nnt/2 dt 



-Ntt 



/2) 



< 



7Vtt(1 - e- w2 /«) 



exp (2/1 + 5(1 + e 



(u+|£| 2 /(27r 



N 



for a positive constant K- 



□ 
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Proof of (|6.4j) . From [TJ Equation (4.6)] we have 

\I+A N )\ < 4e" 27riV / £ |.gAr(-u/(27r) + ^ + i)|di. 



From (|6.ip we have 

\g N (-u/(2w) + V=T + t)| 
< exp(iVRc($(-u/(27r) + + t))) exp(4A + 2| 7 |(1 + e «(«+" 2 /(27r)+2^)^ _ 

Now estimate Re($(-w/(27r) + v/^T + t)). We have 

.(-i + v=r + .) 

= 1 C Li 2 ( e "+l«l 2 /(2-)-C*) _ Li 2 ( e «-ISI 2 /(2-)+^) N ) + £ _ V^Iu - «t. 

Since Rc(u + |C| 2 /(2tt) - ft) = u(l - 1) + |f | 2 /(2tt) > and Rc(w - |f | 2 /(2tt) + ft) 
u(l + 1) - |f | 2 /(2tt) < 0, we have 



= - i (Li 2 (e u +l«l 2 /( 2 ^-^) +Li 2 (e"-l«l 2 /( 27r )+« t )) 



u+ — (u + 27rV r l)t + ttV^I H ^-lu-ut 

6f 2f \ 2tt / 2?r 

from (I6.12j) . Therefore we have 

Re$C_Ji + V^T+i 

V Z7T 

= - JL fReLi 2 (e"+l«l 2 /( 2 -)-«*) +ReLi 2 (e^l«l 2 /( 2 -)+«*) N ) 
Ifl v y 

_ fl mL i 2 (e" + l«l 2 /^-^) +ImLi 2 ( e tl -l«l 2 /( 27r )+«*) N ) 
,„ „. l,o „. w 2 t u 3 ir 2 u 

< _ " fReLi 2 (e"+l«l 2 /^-«*) +ReLi 2 (e^l«l 2 /^ + «*) N ) 

|q v 7 
_ |jL (imLia^+lflV^-ft) +ImLi 2 ( e tl -l«l 2 /( 27r )+«*)) 

+ (2t- 1)tt. 

For < r < 1 and < 9 < 2ir we have 

— e 1 /""log(l-2scos0 + s 2 ) 1 /- r log(l + 2s + .s 2 ^ 



ReL^re^" 1 *) = -- / -Hi ' >-ds>-- : '- ds 

2 Jo s 2 Jo s 

Ml±£l ds > _ f 1 Ml±£) ds = Li2( _ 1} = 



* jo 



We also have 



ImLi 2 (re v " ie ) = - / — '- ds. 
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If < 8 < 7r the right hand side is non-negative. If tt < 6 < 2ir we have 



ImLi 2 (re^ 



1 arg(l — se x 



-18\ 



■ ds 



1 arg(l — se x 



-18\ 



ds 



= ImLi 2 (e v - ie ) 



argil — se x 



ds. 



The second integral is positive and ImLi^e^ * e ) is bigger than or equal to 
-ImLi 2 (exp(\/^l7r/3)) = -1.01494.... 
Therefore we have 



V 2vr 

So we have 



tt 2 u 27rImLi 2 (e^ T,r / 3 ) 

"I + t ]< TTTTrT + " + (2t - 1)7T 



|/+,2(iV)| 

<4exp(4A + 2| 7 |(1 + e R(^ 2 /(^)+^)^ e -^N 



x exp 
2(1 -e 



6ICI 2 



2 7 rImLi 2 (e^ T7r / 3 ) 
W 2 



3 2Nrrt dt 



-2ttN\ 



ttN 



x exp 



ttN 



■ exp(4A + 2| 7 |(1 + e -R(«+« 2 /(2rr)+27r)^ 

' 7TU 2imLi 2 (e^ T7r / 3 ) 



6\tf 



l£l 2 



1 



<_L_ cxp(4^ + 2| 7 |(1 + e «(«+« 2 /(2.)+2. ))) 
ttN 



<- 



+ .2 



iV 



for a positive constant -ftT+, 2 . Here we use the inequality 

iru 2ImLi,(e v/ ^ T7r / 3 ) tt 1.01494. 

1 — - 1 < — I 

6|£| 2 ICI 2 6 2^ 2 



Proof of (|6.7[) . From [TJ Equation (4.6)] we have 



1 < 0. 



|/-, 2 (iV)| <4e- 27rW 
From (|6.1[) we have 



\ 9n (u/(2tt)- V=l + t)\dt. 



a 



\g N (u/(2ir)-V=l + t)\ 

< exp(iVRe($(ii/(27r) - y/^l + t))) exp(4A + 2| 7 |(1 + e «("+" 2 / '(aiO+a*)^ 

Now estimate Re($(u/(27r) - v/^T + i)). We have 

.(i-v=r +1 ) 

~ (Li 2 (e"-l«l 2 /^-«*) - Li 2 (e"+l«l 2 /( 2 ^+«*)) - — + V^lu - ut. 



2tt 
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Since Re{u - |f |7(2tt) - ft) = u(l - 1) - |^| 2 /(2tt) < and Re{u + |f |7(2tt) + ft) 
u(l +t)+ |f | 2 /(2tt) > 0, we have 



\2tt 



-1 + t 



~ fLi 2 (e"-lfl 2 /( 27r )-«*) +Li 2 ( e -"-l«l 2 /^-« t ; 



1 u + — + (u + 2ttV^T )t - ttV^T 

6f 2f V 2tt V ; y 2tt 



— lit — ut 



from (I6.12j) . Therefore we have 



H.. (£-,/=! + *) 
it 



" fReLi 2 (e"-l«l 2 /( 2 ")-« 4 ) + ReLi^e-"^! 2 /^)-^ 
cr V 



+ |L (lmLi 2 ( e «-l«l 2 /(^)-^) + i mLi2(e — iei 2 /(2-)-£*)) 



UTT 2 



6|f| 2 2tt 



lit 



12 x 2 



U+^-+ut) -7T 2 (2<-1) 2 



2|f| 2 ^ 2^ 

4tt / |f| 2 

?r(2t- 1) [u + ^-+ut 



2|f| 2 v ; V 27r 

lei 



=JL fReLi 2 (e"-l«l 2 /^-«*)+ReLi 2 (e- ll -l«l 2 /^-« t ' 



2vr 

HI 3 

U t 2 |f| 2 t 7U7T 2 U 3 U |f| 



2tt 3|f| 2 2|f| 2 8tt 2 



— 7T. 



For < r < 1 and < 6 < 2ir we have 



ReLi 2 (re^ 



-if \ 



1 f r log(l- 2s cos 6> + s 2 ) 



ds < -- 



1 riog(l-2s 



■ ds 



log(l - s) 



ds < - 



1 «^ ( i S =Li 2 (l) = ^. 
s 6 



We also have 



ImLi 2 (re v ~ 10 ) = - 



arg(l — se^ w ) 



ds 



1 arg(l — se x 



-18\ 



■ ds 



1 arg(l — se % 



-18\ 



■ ds 



< lmLi 2 (e V=Ie ) < ImLi 2 (e v/=T,r/3 ) = 1.01494. 



THE COLORED JONES POLYNOMIAL OF THE FIGURE-EIGHT KNOT 



31 



when < 9 < vr. Since ImLi 2 (re v/ ^ Tfl ) = - Im Li 2 (re^ 1 ^ -"')) when tt < 9 < 2tt, 
we have 



Rc$ 



f- 

V27T 



'-1 + t 



< 



< 



47r . rr,/^ ui 2 \£\ 2 t utt 2 u 

^ImLi 2 (e^/3 ) + _ + ^L_ 2 _ + _ 2 , ^ 

(since < i < 1 and < u < tt/2). 
I£| 2 i , 1 



247 



27T 7T 

l£| 2 * , 1 



ImLi 2 (e v ~ l7r/3 ) tt. 

2ir i v ' 544 



when u < 7r/2. 
So we have 
|/-, 2 (iV)| 

< 4 e (ImLi 3 (e^*/ 3 )/7r-247 7 r/544-27r)iV exp ^ + 2 | 7 |(1 + e R{u+u 2 / (2-k)+27t) ^ 



x lim 



3 jvier*/(27r) rfi 



=4e (ImLi 2 ( e ^"/ 3 )/7r-2477r/544-27r)Ar exp ( 4 ^ + 2 | 7 |(1 + e K(«+«7(2»)+2x))j 

_87rcxp(4A + 2| 7 |(1 + e R{^ 2 /^)+^))) 



(e<. 



mLi 2 (e %/ ^ T ' r/3 )/7r-247ir/544-2ff+^| 2 /(2ir))W 



,(ImLi 2 (e^ T,r/3 )/7r-247ir/544-27r)Ar 



< 



< 



8tt exp(4^ + 2| 7 |(1 + e R{^ 2 
87rexp(4A + 2| 7 |(1 + / 



x f (ImLi 2 (e %/TrT ' r/3 )/7r-1797r/544)Ar e (Im Li 2 (e %/3T,r/3 )/7r-2477r/544-27r)iV 



<- 



N 



for a positive constant if-, 2 , since ImLi 2 (e v/ ^ T7r / 3 )/ / 7r- 1797r/544 = -0.710657 

□ 

7. Proof of Proposition 13.21 
In this section we again follow [T| to prove Proposition 13.21 From (I6.1[) we have 



p(e) 



gN(w)dw= / exp(iV$(ui)) (fou + / exp(7V$(w)) h-y(w) dw 



p(<0 



for any path in the parallelogram bounded by C+ (e) U C_ (e) connecting e and 1 — e, 
where 

hj(w) := exp (l-y(n — v— Tu + V~^T£u>) — / 7 (— 7r — V^Tit — v 7 — — 1- 

Note that h 7 (w) is defined for w with < Im(£w) < 27r, that is, for w between the 
two parallel thick lines depicted in Figure [TJ 
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Then we have 



g N {w) dw 



p(e) 
K<0 



exp(N$(w)) dw 



(7.1) 



exp (N$(w))hy(w)\ dw 

< max {exp(7VRe$(w)) } / \h 7 (w)\dw 
= max {exp(iVRe$(u;))} / {h^w^dw 

w£p{e) J £ 

< max {exp(7VRe$(M;))} / \h 7 (w)\dw. 

Here we use the analyticity of /i 7 in the equality. 
By the definition of /i 7 we have 

oo ^ 

(7.2) /i 7 (i) = — (/ 7 (tt - V^lu + x/^t) - J 7 (-tt - V^ht - V^T^))™ . 

n=l ' 

From Lemma T6.1[ for < t < 1 we have 

!/> - ^=I„ + V=&) | < A| 7 | ( JL + + fl| 7 | (! + e (— )«) 



and 



and so we have 



< 



|/ 7 (7r - v^Tu + 27rt) - 7 7 (-7r - \/^Tu - 2nt)\ 



<| 7 |(A'/(t)+B') 

for some positive constants ^4' and £?', where we put f(t) := 1/t + 1/(1 — t). Since 
/(<) > 4 for < t < 1 we have 

|/ 7 (7T — \/— lit + \[— T^w) — 7 7 ( — 7T — \/— lu — V— T^U)) | 



(7.3) 



<l7lU7(*) + 5 



=^"l7l/(t), 
where A" := A' + £'/4. 

From the argument in [1, P. 537] we have 



l-|7l /-1/2 

/(<) n d<<2 2n+1 ' 

l7l 



h 



for n > 1. Since | 7 | = |^|/ (2iV) we have 



/" ' eft 

/ -= log N- log |£| < log N 



and 



for n > 2. 



M 

1/2 * _. _i 
| 7 | t n ~ n-1 Vbl™" 1 



1 



< 



(n - 1)|7|™ _1 ' 
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Therefore from (|7.2[1 and (|7.3[) we have 

»i-| 7 | oo fi-h\ 

/ \h 7 (t)\dt<J2-M'Th\ n / m n dt 

<2| 7 |(4A»lo gW + |^) 

< ^ {4 A" log TV + exp(4A") - 4 A" - 1) 

if' log TV 

< 5 — 

TV 

for a positive constant K' if TV is sufficiently large. 
For < t < 1, we also have from Lemma IBTTl 

|/ 7 (7r - y/^lu + 2nt) - 7 7 (-7r - - 27rt)| 



Since | 7 | = |£|/(2TV), we have 

\ hj (t)\<expUA+^ 



So we have 



and 



\h 7 (t)\dt< i|exp 
^_ IM*)l*<^ejq)(^- 



B'\S\\ < A'" 



2TV / - TV 



/// 



2TV / ~ TV 



-l-rl 

for positive constants if" and if'". 
Therefore we have 

1 ., . , A'logTV A" A'" A,logTV 
for a positive constant A 2 . Now from (|7.1[) we finally have 



11 



< K2 l °f — max {exp(TVRe$H)} , 

TV w£p(e) 



5jv(w) — / exp(TV$(u>)) <iu; 
p(e) Jp(s) 

proving Proposition [XU 



8. Proof of Lemma 13741 

We will show that £<I>(u>o) is purely imaginary with positive imaginary part. 
Then since £ is in the first quadrant, $(u>o) is m also in the first quadrant and so 
Re$(>o) > 0. 

Since <p(u) is purely imaginary (Remark 13. 3p . we have Li 2 (e™ _l ' 9< '"') = 
Li 2 (e u +¥'( u )). Therefore from (|3~4l and (p7T2l we have 

Im(£$(w )) = -2ImLi 2 (e" +¥ ' ( " ) ) - ulmip(u) 

= 2ImLi 2 (e~"~ v(tl) ) +Im(u + tp(u) + n\^l) 2 -ulm<f(u) 
= 2 Im Li 2 ( e - u - v(u) ) + uip(u) . 
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So we have 

d Im(^$(w )) 
du 

=2 Im ( log(l - <«>) f 1 + ^Tli^M) ) + Im + 

= d Im <p(u) r 2 _ e - u - v{u ) | + \ + 2 arg(1 _ e -«- y («)) + Im y ( u ) 

du \ I 

_d Imcp(u) _ e _„_ y(tl))(1 _ e _« +v(u))eU \ + 2arg(1 _ e -«- ? W) + Im ^ (u) 

log(e" + e"" - - e"^) + 2arg(l - e^"^) + Im^(u) 



<i Im<p(u) 



<iu 

=2 arg(l - e-""^"') + Im ^(u) < 

since — 7r/3 < Im(^(u) < 0. 

Since 95(0) = -7r-y/=I/3 and <^(log((3 + VE)/2)) = 0, we have 



2 Im Li 2 (e^/3j = 1.01494 .. . (u = 0), 

2ImLi 2 (^) =0 (u = log((3 + V^/2)). 



Therefore Im(^$(w )) > for < u < log((3 + \fh)/2), completing the proof of 
Lemma 13.41 
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